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1. Introduction 
----------
A powerful method for the generation of Markov processes 
in the commutative case is given by the classical theory of 
Dirichlet forms and spaces. This theory has its roots in 
classical potential theory and has been developed particularly 
since the fundamental work of Beurling and Deny [6] . The 
theo:cy is closely related with D;y-nkin's and Hunt's theory of 
stong Markov processes and has been greatly developed recently 
in its symmetric L2-version particularly by Fukushima and 
Silverstein, see [20], [21], [30], [31] and [2] - [4] .. 
Since the theory of Dirichlet fo:rms in the commutative case 
deals with forms which are monotone with respect to a class of 
contractions applied to certain subalgebras of continuous func-
tions, it is natural to expect a non commutative extension of 
the theory to the case of C*-algebras. It is the purpose of 
this paper to show that~ at least in the case of C*~algebras 
with a trace, this idea can actually be carried through. The 
outcome are Markov semigroups, i.e. positivity preserving semi-
groups of maps, and completely !1arkov semigroups, i.e. semigroup 
of completely positive maps. Positive and completely positive 
maps of C*-algebras have been the object of many investigations, 
standard references for foundational work are e .. g. [3], [5], 
[8], [32], [33]. More recently a considerable renewed interest 
in completely positive maps has arosen particularly in connection 
with certain foundational problems of non equilibrium statis-
tical mechaniQs. We allude here to the large body of work on 
the so called quantum dynamical semigroups and quantum stochastic 
process, see e.g. [1], [7], [9], [11] - [18], [21] - [27] .. Not-
ably a classification of norm continuous completely positive 
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map on the C*-algebra ca (~) bounded operators on a Hilbert 
space has been achieved, [27], see also [21]. For other work 
concerned with the construction and classification of complete~y 
positive maps see e.g. [7], [9], [12] - [17], [19], [26]. 
Markov structures associated with free fermifields are studied 
in [29] - [35]. In this paper we show in particular that the 
method of Dirichlet forms permits to obtain a large class of gene-
rators of positive and of completely positive maps, which 
goes beyond the classes obtained previously by other means. 
We now summarize shortly the containt of the paper. 
In Section 2 we introduce the Dirichlet forms on a C*-algebra 
A with a lower semicontinuous trace ,.. , as positive quadratic 
forms E on the hermitianpart of L2 (A,T) which have a certain 
contraction property. We also introduce symmetric Markov semi-
2 groups as strong contraction semigroups Pt(.) on L (A,T) , 
symmetric with respect to the scalar product given by ,.. and 
such that 0 < x < 1 implies 0 ::; wt (x) ::;: 1 • We show that 
the positive quadratic form given by the infini-t;esimal generator 
of a symmetric .Markov semigroup ~t 2 on L (A,,..) is a Dirichlet 
form E , and if ~t leaves A invariant then E is regular in 
a sence corresponding to the classical one. Conversely we show 
that the s3nnmetric contraction semigroup generated on 
L2(A,T) by a Dirichlet form is a rJiarkov semigroup. 
In Section 3 \ve introduce the concept of a completely r.1arkov 
semigroup, as a Markov semigroup such that ~t is completely 
positive for all t > 0 . Vie prove that ilit is a completely 
Markov semigroup on L2 (A, T) if and only if there is a w·eight 
p 9n t~e algebraic tens9r product A 0 A , with the square 
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. * interable elements, such that <r(~t(x) y' == p(x® y) , ··for all 
xE A , yEA • We call a sesquilinear form E on L2(A,'T) 
a completely Dirichlet form if 
form on the hermitian part of 
~ E (x .. ,x .. ) is a Dirichlet lJ lJ 
L2(A ® Mn, 'T 0 'Tn) , where ~ 
are the n x n matrices and 'Tn the corresponding trace, 
for all n • We show that a semigroup ~+ 
v 
is completely 
Markov if and only if the corresponding Dirichlet form E is 
completely Dirichlet. A criterium for this is that E be 
the monotone upwards limit of a sequence of positive bounded 
forms of the form w (x2) + p ((x ® 1) - 1 0 x) 2) , where 
w and p are weights. 
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b__~~ .. t form..E_*and_Markov semi groups. 
Let A be a C -algebra with a lower semicontinuous faithful 
trace ~ (for the definition see e.g. ~~, Ch. V, § 6.). 
Let A~ = {xE A,~(x*x) <co} , then A~ is a two sided ideal of 
A and we shall assume that A~ is dense in A (which, together 
with the lower semicontinuity implies semifiniteness [ ], ). 
* A~ with the sesqui linear form T(y x) is a pre-Hilbert space 
2 and its completion will be denoted by L (A,~) • We then 
have that AT =An L2 (A,T) is dense in A as well as in 
2 * * L (A,~) • Since T(y x) = T(yx ) (where -means complex con-
* jugation) we see that x-? x extends by continuity to an anti-
isometry of L 2 (A, T) • For any a E A vve define x-? ax, 
* * 2 * xE AT , and since T(x a ax) ~ \!all T(x x) we see that the 
mapping x-? ax extends by continuity to an element in B(L2 ) 
(the space of bounded linear operators on L2 (A,T)). Hence 
n(a)x = ax gives us a continuous mapping of A 
and since n(a)* = n(a) we see that n is a 
of A on Since T is faithful and AT 
* 
-representation 
is dense in A 
it follows that n is faithful. Hence n is an injection of 
A in 
Now any 
B(L2 ) ·~ and we may identify A with its image rr(A) • 
2 
x E A defines a densely defined map of L (A, T) , 
namely a~ xa with domain A ~· 
Since T{a ~kx-\ca) = T (xaa * x*) < \\ai\ 2T (xx *) = !! a\\ 2T (x * x) , 
we see that, for any a E A , :x: ~ xa is strongly continuous in 
L2 (A,~) , hence it extends by continuity to all of L2 (A,T) • 
We shall also denote this extended map by x ~ xa • It is a 
bounded map from L~A into 1 2 • Hence for any fixed element 
xE 1 2 we have a densely defined map a~ xa with 
* * * domain A,. • We have that ·-t(b xa) = T( (x b) a) for any a 
and b in A,. Hence a-+ xa has a densely defined adjoint 
* a-+ x a and it is therefore closable. l'fe denote its closure 
by rr (x) • rr (x) is then an extension of the representation 
rr on A,. to all of L2 (A,~) mapping the elements in 
L2 (A,~) into closed (possibly unbounded) operators in 
* 
2 L (A,~) , 
SUCh that IT (x) = IT (X~(-) and one may verify that Tf is linear 
in the sense that rr (x) + IT (y) £ n (x+y) and rr ( A.x) = A. rr (x) • 
From the fact that rr on A is faithful it follows that rr 
on L2 (A' T) is one-to-one and therefore allows us to identify 
with a subset of closed operators on 2 L (A , -r ) • 1/l e 
* have especially that if x is invariant under * i.e. x = x , 
then rr(x) = rr(x)* , so that rr(x) is self adjoint. Hence if 
-l<-
we say that x is sel.f'adjoint if x = x and we 
also say that x > 0 iff rr(x) > 0 and 0 < x < 1 iff 
0 ~ rr(x) ~ 1 and so on. 
A strongly continuous contraction semigroup ~ t , t E R+ 
on the Hilbert space 2 L (A, -r) is said to be ~etr~~ iff 
<~t(x),y) = (x,~t(y)) where ( ) is the scalar product in 
L2 and it is said to be Markov iff 0 < x < 1 implies that 
0 < ~ t (x) < 1 • It is said to be cons erE t_i v~ if for any 
aE A+ we have T(~t(a)) = T(a) • In general if ME B(L2) 
such that 0 < x < 1 implies that 0 :;:: M(x) ~ 1 we say that 
M is ~arkoy:. If tt is a strongly continuous contraction 
semigroup on L2 (A, T) then. the corresponding resolvent is 
co 
G = f"e-ut~. dt 
u ,J -c u > 0 .. (2.1) 
0 
We have that Gu satisfies the resolvent equation 
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Gu - Gv = (u-v) Gu Gv (2,.2) 
for u and v positive. Moreover we see that Gu is sym-
metric iff !Pt is symmetric and Gu is Markov iff ~t is 
Markov. The latter follows from 
(2.3) 
where the limit is taken in the strong 2 L -sense. Let now 
* x = x in L2 such that TI(x) is bounded. Thus -1\TI (x) II < 
TI (x) :S IITI (x) i! so that if ~ t is Markov we have that 
-1\TI(x)ll ~ ~t(x) ::=: \\TI(x)lj • Hence I\TI(4\(x))l\ ~ IITI(x)ll • Since 
TI is one-to-one on L2 (A, 'T") we have that Hx!l co = IITI (x) II 
(operator norm of TI(x)) is a, possibly unbounded, norm on L2 • 
We have proved that !l~t(x)llco ~ llxllco and in the same \vay we 
get that llu Gu (x) II CXJ :C:: 1\xl\ co • From this it follows that 
~t is a strong contraction semigroup on 
the completion of the domain of II II CXJ in 
i.e. on 
with 
respect to the II II CXJ-norm. Hence by the theory of strong 
contraction semigroups we have that (2.3) also holds in the 
co co 
strong L -sense. Since on the other hand the L -norm 
restricted to A'T" = An L2 coincides with the A-norm we have 
that A is the co L -closure of A'T" • This together with (2.1) 
and (2.3) gives us that ~t leaves A invariant if and only if 
Gu leaves A invariant. We thus have the following lemma 
]J~-?~1. 
Any }1arkov semigroup ~t on L2 (A,'T") extends to a strongly 
,...'") 
continuous semi group on L~ (A, 'T") • Horeover this extension 
co leaves A c L (A, 'T") invariant if and only if the corresponding 
... 2.4 -
Markov resolvent leaves A invariant. I 
Let now x and y be self adjoint elements in A • Then 
~(f(x)g(y)) is positive for f and g positive continuous 
functions on R , and it follows from the fact that ~ is a 
semifinite and lower semicontinuous trace on A that there is 
a positive (possibly m1botunded) Radon measure 
with support contained in Spec(x) x Spec(y) 
~ (f(x)g(y)) = JJf(a.)g(P )d!-1 x,y(a.,p) • 
From this we get that 
1-1 on x,y 
such that 
f' [' 2 ~((f(x) ... f(y)) 2) = JJ (f(a.) - f(P)) dp x,y(a.,f3) • 
RxR 
(2.4) 
(2.5) 
Let now Lip(R,O) be the Banach space of Lipschitz continuous 
functions of R into R which leave zero invariant. Lip(R,O) 
is a Banach space in the natural norm 
(2.6) 
Let II xl! 2 be the L2 (A,~) norm then we get from (2. 5) that, for 
x and y self adjoint in A and f E Lip (R, 0) , 
1\f(x) - f(y)\! 2 ~ \\fl\ 1 ip\\x-yll 2 • (2.7) 
But this tells us that the mapping x~ f(x) is uniformly con-
tinuous in the rJ2-norm and therefore extends to a mapping from 
2 2 L h(A,~) into L h(A,~) such that (2.7) still holds, where 
L2h(A,~) is the real Hilbertspace of Hermitian elements in 
2 2 * 2 L (A, 'I") i.e. x E L h (A,~) iff x = x , x E L (A, 'I") • 
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Lemma 2.2 
~--....-..~---=-
Let fE Lip(R,O) then the mapping x~ f(x) defined on the 
Hermitian part AhT of AT is uniformly continuous in the 
strong L2-norm topology and thus extends to 2 L h (A, T) where it 
satisfies 
Let now N be a bounded operator on L2 (A,T) which is sym-
metric and Markov. Let x and y be in then 
T(f(x) M(g(x)) is positive for f and g positive continuous 
functions on R , which again makes that we can find a positive 
Radon measure Px on R2 with support on Spec(x) x Spec(x) 
such that l-lx(a,i3) = !J.x(f3 ,a) and 
T (f(x) N(g(x))) = Jj"f(a)g(~ )d~--t x(a,(3) • (2.8) 
Since also 1-N(I) is positive, we have again that there is a 
positive Rado:rJ. measure vx on R with support on Spec (x) such 
that 
I T(f(x)(1·-E(1))) = Jf(a>)dvx(a) • (2.9) 
Consider now the quadratic form T(x(1-M)x) • We then have 
T(f(x)(1-M)f(x)) = T(f(x) 2 (1-M(1))) + T(f(x) 2M(1) - . 
f(x)Mf(x)) • (2.10) 
From (2.8) and (2.9) we therefore have 
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T(f(x)(1-M)f(x)) = Jf(a) 2dvx(a) + ~Jj(f(a)-f(~)) 2d!--tx(a.,f3) • 
(2.11) 
But this immediately gives us that T(x(1-I-0x) is a positive 
form on A~ x A~ , hence on L2 h x L2 h , and that for any 
fE Lip(R,O) and xE Ah we have 
'T 
T(f(x)(1-l\1)f(x)) ~ llfll~ip -r(x(1-M)x) , (2.12) 
and by continuity (2.12) also holds for xE L2h(A,T) • 
_&e~-~ 
Let M be a bounded operator on L2h(A,T) such that M 
is symmetric and Markov. Then the form (x,(1-M)x) on L2. 
11 
is symmetric and positive. Moreover for any fE Lip(R,O) we 
have that 
(f(x),(1-M)f(x)) :=;:: l!fii 2Lip (x,(1-M)x) 
where (x,x) is the square norm in 2 L h • 
Let E(x,x) be a positive closed quadratic form on 
(not necessarely bounded) with dense domain D(E) • We say 
that E is a P-~~f~~ if in addition to being densely 
defined, positive and closed it satisfies the condition that 
D(E) is invariant under the mapping x~ f(x) for any fE Lip(R,O) 
and 
E(f(x), f(x)) < II fl! 2Lip E(x,x) • (2.13) 
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_9_o_r£_ll ... ar:z _?_~..1 
If M is a bo~~ded operator on which is symmetric 
and Markov then (x,(1-M)x) is a regular Dirichlet form. 
vle say tbat E is a ,.;reemlE~_:;: Dirichlet form if in addition 
A h n D(E) is norm dense in A h and is also dense in D(E) where 
T 
D(E) is equipped with its natural norm II x\1 ~· =· E(x, x) + 'T' (x2 ) • G 
Let e(x,x) be a positive quadratic form defined on a domain 
D( f;) which is a linear subspace of A h (the real Banach space 
of Hermitian elements in A). Vie say that e(x,x) is a Markov 
.foi'll!. . ..££._,A if, for any 6 > 0 , there exists a non-decreasing 
real function cp0 ( t), t E R , satisfying the follo\'Ting conditions 
cp0 ( t) = t for 0 < t < 1 
(2.14) 
and -6 < cp0 ( t) < 1 + o for all t 
such that if xE D(t) then c00 (x) E D(e) and 
e(c.ct (x) ,cr0 (x)) < e(x,x) • (2.15) 
(The definition of a ~mrkov form for a commutative * C -algebra 
was given by Fukushima [ ].) We say that a positive quadratic 
form e (x, x) on A h is _c.s>EIJ?a ti bJ.;.e. wj. t.h,J;l~.__:trac~ T if 
D(e:)nAh'T' is d-ense in L2 (A,T) and the restriction of e: to 
l 2. 
D( e:) n A"\ is a closable form in L} h (A, T). If t is compa ti-
ble with 'T then its closure E defines a unique non negative 
self adjoint operator H 2 on L h (A, T) such that D(E) is the 
1 ~ 
same as D(H2 ) , the domain of H2 , and E(x,x) = (x,Hx) • 
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H is then of course the infinitesimal generator of a strongly 
2 
continuous symmetric semigroup on L h(A,T) • We shall return 
to this point later. We have now the following theorem connec-
ting J'.Tarkov and Dirichlet forms. The proof of this theorem is 
the same as in the commutative case where it was given by 
Fukushima [ ] • 
* Let € be a Markov form on a C -algebra A • It T is 
a semifini te and lower semicontinuous faithful tJ."'ace St.:teh that 
AT is norm dense in A 
the closure E of € 
and • is compatible with T, then 
2 
on L h(A,T) is a Dirichlet form. E 
is a regular Dirichlet form if D( &) n A h is norm dense in 
T 
A h • a Let now q; t be a s:yn:u:netric Markov semigroup and let Gu 
be the corresponding resolvent. Let H be the infinitesimal 
generator of q;t • We know that 
operator on L2 (A,T) such that 
or 
Hx = lim .1.( 1-iJi ) x 
t ~o t t 
Hx = lim u(1-uGu) x 
U~co 
H is a positive self adjoint 
:f. -tH 
'i't = e and 
(2.16) 
(2.17) 
in the sense that xE D(H) iff any one of the strong limits 
above exists and in which case P~ is given by the right hand 
side of (2.16) or (2.17). 
The following lemma is an immediate consequence of the spec-
tral decomposition of strongly continuous sy~etric contraction 
semigroups on Hilbert spaces. 
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Lemma 2.6 
For any xE L2h(A,T) we have that 
increase as tJ., 0 and u!' co • Each of these expressions 
.1.. 
remains oounded if and only if xE D(H2 ) , where H is the 
infinitesimal generator of Pt and in this case we have, with 
II J~ 11 2 E(x,x) = H2 x 2 , that 
E(x,x) =lim f (x,(1-~t)x) =lim u (x1 (1-Gu)x) • 
t..J, 0 n ~co 
1 Now by corollary (2.4) t (x,(1-~t)x) is a regular Dirich-
let form so that for any fE Lip(R,O) we have 
(2.18) 
Since by lemma 2.6 D(E) consists exactly of those elements 
x for which ·t (x,(1-~t)y..) remains finite as t-1.-0 we get by 
(2.18) that D(E) is invariant under x~ f(x) • Moreover by 
taking the limit t.(..O in (2.18) we get that E(f(x), f(x)) < 
1 
E(x,x) Hence \ve have proved that E(x,x) = I' -;a II ,1H x, 2 is a 
Dirichlet consider co form. Let us now the L -extension of 
~t and let us assume that ~t(A) c A • This is obviously 
2 
equivalent with the assumption that our semigroup on L (A,'T') 
comes from a semigroup of Markov maps of A which are symme-
tric with respect to 'T'. We then have that Gu(A) c A and since 
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G-u is the resolvent for a cont):'action semigroup on A. we bave by 
the theory of contraction semigroups (see e.g. ) 
~ 
that Gu(A) is dense in A. However Gu(A) = D(H)cD(H2 ) = D(E) • 
On the other hand for any positive self adjoint operator H 
1 
we have that D(H) is dense in D(H2-) in the natural norm in 
.l. 
D(H2 ) • Hence we have proved in this case that E is a regular 
Dirichlet form. We summarize these results in the following 
theorem. 
Jhe O_J'em 2 .~ 
1 
Let E(x,x) = liH-2 x\\ 2 be the positive quadratic form given 
by a symmetric Markov semigroup ~t 
is a Dirichlet form. If ~ t (A) c A 
Dirichlet form. ~ 
2 
on L (A,T), then E(x,x) 
then E(x,x) is a regular 
Consider now an arbitrary Dirichlet form E(x,x) and let 
2 H be the corresponding positive self-adjoint operator on L h(A,T) 
so that E(x,x) = \IH!x!\ 2 • Let Gu = (u+H)- 1 , u > 0 be the 
corresponding resolvent. Set 
Eu(x,x) = E(x,x) + u(x,x) • (2.19) 
Then we have for any x and y in D(E) that 
(2.20) 
and 
Eu(x-uGuy,x-uGuy) = E(x,x)+u[(x,x>+u(y,Guy)-2(x,y?J = 
E(x,x)+u(x-y,x-y)-u(y,(1-Gu)y). 
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Thus E(x,x)+ullx-y\1 ~ has a unique minimum for x = uGuy • 
Let now y be such that y = f(y) where f is a contraction 
of the real line leaving zero fixed, e.e. fE Lip(R,O) with 
!I filLip ::=; 1 • Then by the assumption that E(x, x) is a Dir1chlet 
form together with lemma 2.2 we get~ since y = f(y), that 
E(f(x),f(x))+u!\f(x)-y\1~ = E(f(x) ,!(x)).rull:r(x)-f(y)\1~ 
(2.22) 
< E(x, x)+ullx-y\J ~ • 
If we take now for x the minimal point x = u Guy then we 
have by (2.22) that f(x) also gives a minimal point and by 
uniqueness of this minimal point we get f(x) = x • Hence we 
have proved that if y = f(y) then u Guy = f(u Guy) • Take 
now f(a.) = (0 v a) A~ \vhich is obviously a contraction of the 
real line leaving zero fixed, then we get that u G is JVIarkov 
u 
for all u • SJnce this implies that Y!t is Markov we have the 
following 
Theo:J?em 2.8 
Let E(x,x) be a Dirichlet fonD. on L2h(A,T) , and let 
H be the positive self adjoint operator given by E • Then 
the symmetric contraction semigroup generated by H is a Markov 
semigroup on 2 L (A, T) • 
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Let now ~t be a strongly continuous contraction semi group 
on the Hilbert space 1 2 (A, T) • We said that ~t is Markov 
if X E t 2 (A, T) such that 0 <X< 1 implies that 0 :S. iJit(x) :=: 1 • 
Recalling tBa~ ; o·-< X < 1 was defined by considering the clost,_re 
Lx of the opera tor a~ xa defined for x E L 2 (A, T) \vi th domain 
AT~L2 (A,T) (the notation rr(x) was used for Lx in the previ-
ous section) and thAn 0 < x < 1 vm.s equivalent to 0 < Lx ~ 1 • 
co L (A,T) was then defined as the completion in the norm 
llxllco = 1\Lxll of the linear subspace of L2 (A,T) consisting of 
2 elements x such that Lx is a bounded operator on L (A,T) , 
and hence Lx extends to an isomorphism of L00 (A,T) with 
the weakly closed subalgebra Lc B(L2 (A,T)) obtained by taking 
the weak closure of the set co x E A c L (A , T ) " Hence 
if rr is the representation of A by left translation on 
L2 (A,T) consid.ered in the previous section we have L = rr(A)"' 
{the weak closure of rr(A)) • Therefore we see that ~t is 
Markov if and on~y if it extends to co L (A,T) = L and defines 
a positively preserving semigroup ifl t on ~:1e v'l*-algebra L 
such that i!! t ( 1 ) ~ 1 • 
* * Let A be a C -algebra and ~ the C -algebra of n x n 
complex rna trices. The elements X E A®~ may be represented 
by X = { xij l 
' 
a n xn 
if y = { y .. I then XY= lJ 
we define gi n as the map 
i!! (X) = !iJi(x .. )} 
n lJ for 
matrix with elements 
{ L. X. kyk' I k l J 
of A®~ 
X = lx . . l lJ 
If ip 
given by 
x .. E A lJ ' 
and 
is a map of A 
(3.1) 
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i.e. ~n(x) = ~ 0 1n 1 where 1n is the identity of ~ • A 
linear map ~ of A is said to be -~ompletelx positiv~ iff 
* Pn is a positive map of the C -algebra A®~ for any n • 
Especially we have that a completely positive map is positive. 
Similarly we say that a map ~ is £Ompletelx ~rko~ iff ~ n 
is Markov for any n 1 and we say that a semigroup ~t is com-
pletely Markov iff 
Let now, for any 
~t is completely Markov for any t > 0 • 
2 
x E L (A ;r) , Rx be the closure of the map-
ping given by a~ ax with domain A , and let R be the weak 
closure of the set of elements in B(L2(A,T)) of the form ~ • 
It is easy to see that R = rr(A)' i.e. R is equal to the com-
mutant of rr(A) , so that R' = L and L' = R • We also remark 
that, while the restriction of ~ to xE A is a faithful 
*-representation of A on 2 L (A,T) , we have that the restri-
ction of Rx to xE A is a faithful anti *-representation of 
A on L2 (A, T) . Let s be the anti isometry of L 2 (A,,-) 
* given by sx = X then it follows immediately that ~= SL *S 
* I' *p X SLxS and therefore \IRx\1 = !LXI = 1\Lxll . Hence R extends X 
CD R c B ( L 2 (A I ,. ) ) by continuity to an isometry of L (A IT) onto . 
* For any C -algebra A we define the conjugate algebra A 
which is identical with A apart from the scalar multiplication 
which in A is defined by (A., a) ~ A.a , A. E C and a E A , where 
A. is the complex conjugate of A. • Let now ~E B(L2 (A,,-)) be 
Markov i.e. 0 < x < 1 implies 0 < ~(x) < 1 • If ~ is 
completely Markov then ip =1P®1 n n is Markov on 
now T 
n 
be the nat~al trace on ~ , then 
A®M • 
n 
Let 
is a trace 
on A®~ so that ,. 0 'I" (XY) > 0 if x > 0 and Y > 0 
n -
in 
= 
A® M • Hence 
n 
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T0T (if! (X)Y) = E 'T"(if!(x .. )y .. ) 
n n . . lJ Jl lJ 
* = E T(if!(x .. )y .. ) > 0 
ij lJ lJ 
(3.2) 
wherenever X = lxijl 
A® M • Remark that 
n 
a:nd y = ly .. l lJ are positive elements in 
since * y = y we have * yij = y ji • 
Let nov-r x 1 9 ••• , x11 be in AT then u = (4: l 
·* x.®y.) I:(x.0y.) = 
l l . l l 
l 
* * ~ x. x.®y. y. is a positive element in 
ij l J .1. J AO'A (we ha..,re con-
sidered y 1 , ••• , Yn to be in A ) 9 where is the algebraic 
tensor product of A and A • We now define a linear functional 
p on the algebraic tensor product A 0 A with domain of de."fini-
tion AT 0 A'T" 9 where AT is the image of A'T" in A , by 
(3.3) 
then 
* * * * P(u) = L: p(x. x.0y.y. ) = 2:: T(if!(x. x.)y.y. ) .. 
ij l J l J ij l J J l (3.4) 
Now X = {x. ~~x .l 
l J 
l .y,.l and Y = yiyj , are obviously positive 
elements in A G ]\~ so by (3.2) we have that p(u)?.: 0. Hence 
p is a positive linear functional on A® A or a weight on 
A ®A with domain A'T" C9 A'T" • 
Let now conversely ifl F B(L2 (A,T) be l\'Iarkov and let us assu..'TI.e 
* that T(fi(x)y) = p(x®y) , where p is a weight on the algebraic 
tensor product A 0 A with domain AT® A'T". The densely defined 
weight p gives rise to a representation of !1. 0 A on a Hilbert 
space K by the GNS construction and let il be the corre-
.,.. 3.4 -
spending mapping from A 0 A into K • Consider now the linear 
mapping from L2 (A,T) into K with dense domain AT given 
by 
* Vy = n ( 1 e y ) • (3.5) 
Since we have 
(Vy,Vz) * * = (n(10y), TJ(1®z )) 
* * * * = p ( ( 1 0 z ) ( 1 0 y ) ) = p ( 1 0 zy ) (3.6) 
* = ~(~(1)yz ) = (~(1)y,z) , 
where ( , ) is the inner product in K and < , ) is the 
L2(A, T) It follows from (3.6) * inner product in • that v v 
<r(1) ~ 1 so that v is bounded and extends by continuity to 
a bounded linear map of L2 (A' T) into K • vve observe that 
if ~(1) = 1 then V is an isometric imbedding of L2(A,T) 
into K • Let TT p be the representation of A 0 A given by 
p , by the GNS construction, and set TT (x) = TT p (x0 1) • 
is then a *-representation of A on K • Then for y 
in AT we have 
* (V rr(x)Vy,z) = (rrp(x0 1)Vy,Vz) 
TT 
and 
= 
z 
(3.7) 
* * * * * = (n(x0y ),'11(10z) = p((1®z) (x0y') 
* * ) = p(x0 zy ) = T(~(x)yz ) = (P(x)y,z • 
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Hence we get 
iP (x) * = V TT (x)V (3.8) 
which is a completely positive map since it is the compostion 
of two completely positive maps, namely x~rr(x) * and y~ V yV • 
We summarize these results in the following theorem 
Theorem 3.1 
Let p be a bounded map of L2 (A, T) into L2 (A, T) which 
is Markov. Then p is completely Markov if and only if there 
is a weight p on the algebraic tensor product A®A with 
domain containing AT® AT such that 
* T(~(x)y) =P(x®y). 
Let now Pt be a strongly continuous one parameter contrac-
tion semigroup on L2 (A,T) which is symmetric and completely 
Markov. By the previous theorem we have a one parametric family 
of weights A®A such that 1 = Pt(x® y) Pt on n<Pt(x),y) 
and since/for X E L2 (A, T) we have 
(3.9) 
then 
~< (1-Pt)x,x) = wt(x2 ) + pt((x® 1 - 1 ® x) 2) (3.10) 
where t "\'/ t (X) = T ( ( 1- iJi t ( 1) X) is a weight on A 
' 
since 
o< Pt(1) ~ 1 • By lemma 2.6 we have that {< ( 1-P t) X 1 x) 1' E (X, X) 
as t.J,o , where E(x,x) is the Dirichlet form corresponding 
to Pt. Observe that p(x0y) = p(y®x) since Pt is 
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symmetric. We say that p is a ~etrig_ ~eig:l;!.:t on A 0 A 
Hence we have that the Dirichlet form E(x,x) corresponding to 
a symmetric and completely Markov semigroup is the increasing 
limit of bounded Dirichlet forms of the type Et(x,x) = W't(Y.2 ) + 
pt( (x0 1 - 10 x) 2 ) where w and p are weights on A and 
A®A respectively. 
On the other hand assume that is a 1veight on A and 
Py is a weight on the algebraic tensor product A 0 A , such 
that 
(3.11) 
is a bounded positive bilinear form on such that 
0 ~ E (x,x) ~ EY (x,x) 
y 1 . 2 
for y 1 ~ y 2 and let us assume that 
there is a closed bilinear form F 
for any y in Let now x E A'f 
such that 
such that 
EY(x,x) ~ F(x,x) 
* x = x • From 
the spectral representation theorem and the fact that wy 
Py are weights we get that 
and 
r· 
"\(f(x)) = Jf(a) d'IJY(a) 
and (3.12) 
where are positive Radon measures on R and 
R x R respectively, depending on x , and with support on 
Spec(x) and Spec(x) x Spec(x) respectively. Hence we have 
that for 
- 3 .. 7 -
So far fE Lip(R,O) we bav2,for xEATn L2h(A,T), that 
which obviously implies that Ey with domain AT n 1 2 h is 
Markov and since Ey is bounded it is a Dirichlet form. 
If E(x,x) is a sesqui linear form on L2 (A,T) we set 
(3.14) 
for X = {~jf E L2h(A® ~' T® 'fn) • Since J}(A~i:>I~, T® T11 ) = 
L2 (A,T) ® L2 (l'\,,'T11 ) · and En = E® 1n where 1n is the form 
given by the identity in L2 (}~,Tn) we see that En is closable 
if and only if E is closable and if E is closed then 
D(En) = D(E) ® IvTn • vve say that E is a ~completely ~rko~ fqrm 
if E 
n 
is a Narkov form for each n > 1 , and we say that E 
is a complei,e:SZ PJ..richlet_ .f.2.E!!! iff E n is a Dirichlet form fox 
each n • By what is above we see that a Dirichlet form which 
is completely Markov is completely Dirichlet .. 
Consider now Ey(x,x) given by (3.11). 
given in the way of (3 .. 11) by wy ® 'Tn and 
Since E is y,n 
p ® ( T ® T ) , where y n n 
Tn is the natural trase in ~ , it follows as above that 
Ev,n(X,X) is a Dirichlet form. Therefore Ey(x,x) is a comple-
tely .. Diriohlet form., 
Let now Ey(x,x) be an increasing sequense of bounded Diri-
chlet forms i.e. 0 < Ey (x,x) < Ey (x,x) 
1 - 2 
let us also assume that Ey(x,x) ~ F(x,x) 
for y 1 ::; y 2 and 
where F is a closed 
form. It is then well b~own that E(x,x) = lim Ey(x,x) , with 
y1'co 
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domain D(E) consisting of those x for which the limit is 
finite, is a closed form. From (3.14) we have that * x = X E D(E) 
and f E Lip(R, 0) 
llfi\ 2Ydp E(x,x) 
implies that f(x) E D(E) and E(f(x),f(x) ~ 
so that E(x,x) is a Dirichlet form. If more-
over ~ is of the form (3.11) then we have that ~,n are 
Dirichlet forms, and since Ey ,n = Ey ® 1n t E® 1n = En it 
follows that En is a Dirichlet form so that Ey is a completely 
Dirichlet form. We summarize these results in the following 
theorem 
Theorem 3.2 
Let E be a Dirichlet form on L2(A,T) and ~t the corre-
sponding symmetric l-1arkov semigroup. Then ~ t is completely 
Markov if and only if E is completely Dirichlet. Moreover 
E is completely Dirichlet if and only if ·there exists an 
increasing sequence of positive bounded forms E -y ,· 
0 S Ey (x,x) :5_ E.. (x,x) for y 1 ~ y 2 and E(x,x) = 1 y 2 
lim EY(x,x) with domain D(E) equal to the set of x for 
y1'co 
which this limit is finite, and Ey has the form 
where and are weights on A and on the algebraic 
tensorproduct A® A respectively, where A is the conjugate 
* 0 -algebra corresponding to A • 
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j~ Normal contractions_on C*-alge~a~. 
For the commutative C*-algebra C(X) , X a locally compact 
space one say that vE C(X) is a normal contraction of uE C(Y) 
iff \v(a)\ ~ \u(a)\ and \v(a) - v(P)\ ~ \u(a) - u{~)\ for 
any a and ~ in X • We see that if v(a) is a normal con-
traction of u(a) than v(a) is continuous in the topology 
generated by u(a) hence there is a continuous .mapping f of 
the real line R into it self such that v(a) = f(u(a)) , and 
from the two inequalities \v(a)\ ~ lu(a)\ and \v(a) - v(~)\ ~ 
lu(a) - u(p)\ it follows that f(a) may be taken as a contrac-
tion of R leaving zero fixed i.e. f(O) = 0 and \f(a) - f(P)\ 
< \a-~~ . 
Let now Ch(X) be the real (self adjoint) part of C(X) , 
then v(x) is a normal contraction of u(a) iff v 2 < u2 and 
(v(a) - v(~)) 2 < (u(a) - u(P)) 2 . Now u(a) - u(~) may be 
considered as an element in Ch(X) 0 Ch(X) ~ Ch(X x X) where 
the tensorproduct is the algebraic tensor product, namely 
u(a) - u{~) = u0 1 - 1 0 uE Ch {x) 0 Ch (x) • Hence we may write 
the condition for normal contraction as 
and 2 2 (v01- 10v) ~ (y01- 10u) (4.1) 
where the first inequality is in C(X) and the second inequality 
is in C(X) 0 C(X) Let now A be an arbitrary C*-algebra 
with a unite. If x and y are in Ah (the self adjoint part 
of A) then we say that x is a normal contraction of 
-
y if 
x2 < y2 and (x ® 1 - 1 ® x) 2 ~ (y ® 1 - 1 ® y) 2 (4.2) 
where the first ineguality is in A and the second inequality 
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is in A® A , the algebraic tensor product of A with it self. 
Since x and y are self adjoint x = x* and y = y* we 
may also conSider the second inequality to be in A® A , where 
A is the conjugate algebra. If yEAh and x = f(y) where 
f(O) = 0 and lf(a) - f(~)l ~ Ia- ~~ it follows easely from 
what is sad before that x iS a normal contration of y be-
cause in this case x and y are in the same commutative 
subalgebra. We shall now see that if x is a normal contraction 
of y than x = f(y) where f(O) = 0 and lf(a)- f(~)l ~ 
I a - ~I . 
We may assume that A~ B(9t) for some Hilbert space ~ , 
and as we are only interested in the subalgebra of A generated 
by X and y we may also assume that n is separable. Let·-
L2(c%) be the Hilbert space of Hilbert-Schmidt operators on 
u. Then L2 (f}.lp) ~fit®~ and B(~) ® B(cf.e) is naturally 
imbedded in B(L2(.9-&)) by the correspondance a® bE B(P6) ® B(c9G') 
goes to mapping m ~ am b* contained in B(L2 (~)) , B~) 
is the conjugate algebra of B(~) • If we denote m ~ am by 
L(a) and m ~ mb by R(a) we have the imbedding of B(~) ® B(~) 
into B(L2(;7{.)) is given by a® b ~ L(a)R(b*) • It is easy to 
see that this imbedding is a faithfull *-representation. Hence 
we have that (x® 1 - 1 ® x) 2 =::: (y® 1 - 1 ® y) 2 if and only if 
(L(x) • R(x)) 2 ~ (L(y) - R(y)) 2 (4.3) 
in B(L2 (~)). Hence (x®1-1®x) 2 ~(y®1-1®y) 2 is 
equivalent with the statement that for any mE L2 (~) , ~.e. 
for any mE B(d-G) with tr(m"*m) < ro we have that 
2 2 (m,(L(x) - R(x)) m) ~ (m,(L(y) - R(y)) m) (4.4) 
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where ( ) is the inner product in L2(3f) so that (4.4) 
is equivalent with 
tr(m*[x[x,m]]) ~ tr(m*[y,[y,m]]) • (4.5) 
Here [x,m] = (L(x)- R(x))m .i.e. the commutater of x and m. 
From (4.5) we get that 
(4.6) 
Take now m to commute with y then by (4.6) the Hilbert-
Smidt norm of [x,m] is zero so that x commutes with m • 
Hence the commutant of x containes the commutant of y , and 
therefor x is in the commutative algebra generated by y • 
Since x and y is in the same commutative subalgebra we have 
by the argument above that x = f(y) where f is a contraction 
of the real line i.e. lf(a) - f(~)l ~ Ia- PI for any real 
a and ~ • We summarize these results in the following theorem. 
Theorem 4.1 
Let x a~d y be self adjoint elements in a C*-algebra 
A with unite. Then 
2 2 (x® 1 - 1 0 x) < (y® 1 - 10 y) 
in the algebraic tensor product A 0 A if and only if there is 
a contraction f of the real line (\f(a) - f(P)I ~ Ia- PI) 
such that x = f(y) • 
Moreover x is a normal contraction of y if and only if 
there is a contraction f of the real line such that f(O) = 0 
and x = f(y) • 
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Combining this theorem 'I.Ti th the results of section 2 we get 
the following theorem. 
Let E(x,x) be a closed positive form on where 
,. is a lower semicontinuous faithfull trace on the C*-algebra 
A . Then E(x 9 x) is a Dirichlet form if and only if for 
y E D(E) and x a normal contraction of y then x E D(B) and 
E(x,x) ~ E(y,y) • 
From the proof of theorem 4.1 we have the following lemma 
lJemma 4~ 
If A c B(9t) -and x and y are in A. Then x is a 
normal contraction of y if and only if 
2 < 2 
X ·~· y 
and for any mE B(.J./J) such that tr(m*m) < ro we have that 
tr([x,m]*[x,ml) < tr([y,m]*[y,m]) • 
Let now 'T" be a lower semicontinuous faithfull trase on the 
C*-algebra A and assume that A c B(~) for some Hilbert 
space .~ • If M is a positive selfadjoint operator on ~ 
(not necessarily bounded) and mi E B(8f;) with 
we consider the form on L2(A,'l") given by 
co 
E(x,x) = tr(x2M) + t tr([x,m]*[x,m]) • 
i = 1 
tr(m. *m.) <en 
1. 1. 
(4.7) 
Then if E(x,x) is closable on L2(A,'l") then by theorem 4.2 
and lemma 4.3 we have that E(x,x) is Dirichlet. It follows 
- 4.5 -
easely that it is completely Dirichlet because the form E(n)(x,x) 
on A® Mn is obtained by replacing M by M® 1n and mi by 
m.® 1 , and therefor E(n)(x,x) is again Dirichlet. Hence 
1 n 
we have 
Corollary ·4; 4 
If A c B(~) and M > 0 is a self adjoint operator (not 
necessarily bounded) and mi E B(~) 
then if 
satisfy 
co 
E(x,x) = tr(x2M) + E tr([x,mi]*[x,mi]) 
i = 1 
tr(m. -l<m.) <co 
1 1 
is closable on L2(A,T) then E(x,x) is completely Dirichlet. 
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